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O \ Abstract 
O 
(N 

J>^! We consider spectral problem for a free relativistic particle in p-adic and adelic quan- 

tum mechanics. In particular, we found p-adic and adelic eigenf unctions. Within adelic ap- 
proach there exist quantum states that exhibit discrete structure of spacetime at the Planck 

tJ" ■ scale. 
(N 

> 

\0 • 1. Introduction 

(N 

^ ■ Since 1987, tliere liave been many interesting applications of p-adic numbers in various 

^ ' parts of theoretical and mathematical physics (for a review, see, e.g. Refs. 1-3). It is likely 
O ■ that the most attractive investigations have been in the Planck scale physics and non- 
archimedean structure of spacetime. One of the greatest achievements in that direction 
is a formulation of p-adic quantum mechanics^'^ with its adelic generalization^. Adelic 
quantum mechanics unifies ordinary and p-adic ones, for all primes p. 
1^ • There is an interplay of physical and mathematical reasons to investigate possible role 

of p-adic numbers and adeles in physics. Namely, all numerical results of experiments 
^ ! belong to the field of rational numbers Q, which is dense in the field of real numbers M 
^ I and p-adic ones {p is a prime number). M and Qp {p = 2, 3, 5, • • •) exhaust all possible 
numbers which can be obtained by completion of Q. The set of adeles A enables to regard 
real and p-adic numbers simultaneosly. What is a limit in application of real numbers 
in description of spacetime? Do p-adic numbers play some role in physics? To answer 
these, and similar questions, one has to construct and examine p-adic and adelic models 
of quantum and relativistic physical systems. 

Models at the Planck scale are of particular interest. In fact, if the Planck length 
lo = {%G / c^Y^"^ ~ 10~^^ cm is the elementary one then any other length x should be 
an integer multiple of Iq. So, if one takes Iq = 1 then one has x = n. Real distance is 
doo{x,Q) =1 n \oo= n, while the p-adic one is dp{x,0) =\ n \p< 1. Thus, p-adic geometry 
has to emerge approaching the Planck scale physics. 

So far, different p-adic and adelic quantum models have been studied (see, e.g. Refs. 

7-9). 
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In this letter we examine p-adic and adelic quantum properties of a free relativistic 
particle. As a result of adelic approach we find some discreteness of space and time at the 
Planck scale. 



2. Some p-Adic and Adelic Mathematics 

Since majority of physicists are still unfamiliar with p-adic numbers and adeles we give 
here some basic facts about these attractive parts of modern mathematics (for a profound 
knowledge, see, e.g. Refs. 2, 10-12). 

Any p-adic number x & Qp can be presented in the unique way as an infinite expansion 

X = X-kP~'' + X-k+iP~'''^^ -\ \- xq + xip + X2p'^ ^ , keN, (2.1) 

where Xi — 0,1, ■ ■ ■ ,p — l arc digits. p-Adic norm of a term in (2.1) is | x^p* \p= Since 
p-adic norm is the non-archimedean one, i.e. \ u + v \p< max{| u \p,\ v \p}, it follows that 
I ^ Ip— ill the representation (2.1). 

There are mainly two types of analysis on Q^. The first one (i) is based on the mapping 
/ : Qp — Qpj and the second one (ii) is related to map (p : Qp ^ C, where C is the set 
of complex numbers. We use both of these analysis in p-adic generalization of physical 
models: (i) in classical and (ii) in quantum mechanics. Derivatives of f{x) are defined as 
in the real case, but using p-adic norm instead of the usual absolute value function. For 
mapping (p{x) there is well-defined integration with the Haar measure. In particular, we 
use the Gauss integral^ 



/ r 2^n _IP''^iP''\^U l«lp<p-'^ 

W"^^^"" ^^"^'""IA,(«)|2c.|-/^Xp(-£Mp-^I&Ip), |4c.|,>p--. 

(2.2) 

Xp('u) = exp(27ri{'u}p) is a p-adic additive character, where {u}p denotes the fractional 
part of tt e Qp. Xp{a) is an arithmetic complex- valued function^ with the following basic 
properties: 

Ap(0) = 1, Xp{a'^a) = Xp{a), Xp{a)Xp{/3) = Xp{a+P)Xp{a~^ +/3~^), \ Xp{a) |oo= 1- (2.3) 
0(1 u \p) is the characteristic function on Zp, i.e. 

"(i"W={o; m:>1; p-^) 

where Zp = {x & Qp :\ x \p< 1} is the ring of p-adic integers. 
An adele a e A is an infinite sequence 

a= (aoo,a2,---,ap, •••) , (2.5) 
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where a^Q e R and Cp e Qp with the restriction that Cp e Zp for all but a finite set S of 
primes p. The set of all adeles A can be written in the form 

K^UA{S), A{S)^Wx\[%x\[Zp . (2.6) 

^ p&S p^S 

A is a topological space. It is a ring with respect to componentwise addition and multipli- 
cation. There is a natural generalization of analysis on M. and Qp to analysis on A. 



3. Free Relativistic Particle in p-Adic Quantum Mechanics 

In the Vladimirov-Volovich formulation^ (see also Ref. 5) one-dimensional p-adic 
quantum mechanics is a triple 



(^L2{Qp),Wp{z),Up{t)^ , (3.1) 



where L2(Qp) is the Hilbert space of complex- valued functions of p-adic variables, Wp{z) is 
a unitary representation of the Heisenberg-Weyl group on L2(Qp), and Up{t) is an evolution 
operator on L2(Qp). 

Up{t) is an integral operator 

Up{t)Mx)^ I Kp{x,t-y,0)^Pp{y)dy (3.2) 

whose kernel is given by the Feynman path integral 

Kp{x,t;y,0)^ J Xp(^- ls[q]^Vq ^ J ^^(^- 1. L{q, q)d?j lldq{t) , (3.3) 

where h is the Planck constant. p-Adic Feynman path integral is investigated in Ref. 13, 
where it is shown that for quadratic classical actions S{x, t; y, 0) the solution (3.3) becomes 

M., t: 0) = A,( - _L|^) 1 1 ( _ 1 , 0)) . (3.4) 

Expression (3.4) has the same form as that one in ordinary quantum mechanics (i.e. 
with L2(M)). For a particular physical system, p-adic eigenfunctions are subject of the 
spectral problem 

C7p(0V'i"H^)=Xp(«t)V'i"^(^) • (3.5) 
The usual action for a free relativistic particle^^ 

S = —mc? I dT^Jrjnl,x^^x^ (3-6) 

J ri 



is nonlinear and so unsuitable for quantum- mechanical investigations. However, a free 
relativistic particle can be treated as a system with the constraints^ Tj^j^k^k'^ + 



2^2 



m c 



k'^ + m^c^ = 0, which leads to the canonical Hamiltonian (with the Lagrange multiplier 
N) 

Hc = N{k'^ + m^c^) , (3.7) 



and to the Lagrangian 



X 



(3.8) 



where = dH^/dk^^ = 2k^ and = x^Xfj,. Instead of (3.6), the corresponding action for 
quantum treatment of a free relativistic particle is 



(3.9) 



From (3.9) it follows the classical trajectory 



x^ 



X2 — X1T2 — X2T1 



T2 - Ti 



-T + 



T2 - Ti 



(3.10) 



and the classical action 



5(x2,T;xi,0)=^^^^^-mVT 



(3.11) 



where T — N{t2 — ti). 

All the above expressions from (3.7) to (3.11) are valid in the real case and according 
to p-adic analysis they have place in the p-adic one. Note that the classical action (3.11) 
can be presented in the form 



{xl - xlf m'c'T 



+ 



4T 4 
4T 4 



+ 



{x\ - x\Y m^&T 



AT 

„3\2 



+ 



4T 4 



(3.12) 



= S^ + S^ + S^ + S" 



which is quadratic in X2 and x^ {fx = 0, 1, 2, 3). 

Due to (3.4) and (3.12), the corresponding quantum-mechanical propagator may be 
written as product 



Kp{x2,T;xi,0)=l[K(/\x^,T;x'(,0) , 



K^J'\x'i,T-xt,Q,) = Xp{{-l)^o4hT) I 2hT |p ^ 

1 s^ {x^2-^1? 1 ^rn'c'T 



X Xp 



h 



4T 



h 4 



(3.13) 



(3.14) 
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where (5q = 1 if = and otherwise. 

Among all possible eigenstates which satisfy eq. (3.5), function 0(| x defined by 
(2.4), plays a central role in p-adic and adelic quantum mechanics. Therefore, let us first 
show existence of 0-eigenfunction for the above relativistic particle. In fact, we have now 
1+3 dimensional problem and the corresponding integral equation is 



/ Kp{x,T-y,m{\y\p)d^y = ^{\^\p). (« = 0), 



(3.15) 



where | u \p— maxo<;:x<3{| \p} is p-adic norm of u G Q^, and 



Kp{x,T;y, 0) = 



Ag(4fer) 

I 2/iT |2 



Xp 



{x - yf ^ rn?c^T 



AhT 



h 



(3.16) 



Eq. (3.15), rewritten in a more explicite form, reads 



XmhT) fw?c^T X 

\2^P 



I 2hT 

3 



h AhT 

(y 

AhT ' 2hT 



0^2 ^0^0 



AhT 2hT 



dy' 



+ ±JL]dy^ = n{\x\p). 



(3.17) 



Using lower part of the Gauss integral (2.2) to calculate integrals in (3.17) for each 
coordinate y^ (// = 0, • • • , 3), we obtain 



Xp 



Since n/i=o^(l -^^ \p) ~ ^(1 \p) identity, an equivalent assertion to (3.18) is 



h 



< 1, \hT \p< 1 . 



(3.19) 



Applying also the upper part of (2.2) to (3.17), we have 



XliAhT) fm'c'T x2 \ 



2/iT|2'^^V h 



AhT) 



/u=0 



2hT 



VL{\ X |p), I AhT \p> 1 , (3.20) 



what is satisfied only for p ^ 2. Namely, (3.20) becomes an equality if conditions 



h 



<1, \hT\p=l, p^2 



(3.21) 



take place. 

Thus, we obtained eigenstates 



\ 0(1 X |p), 


1 m^c^T 1 ^ 1 
1 h Ip — 


1 1 




1 m^c^T 1 ^ -I 
1 h |2<1: 


1 hT 1 



p- 



2' 



(3.22) 
(3.23) 



which are invariant under Up{t) transformation. 
We have also 0-function in eigenstates 



(3.24) 



(771 C \ 
-^TjO(p-|x|p), ueZ, \hT\p<p-^''. 

This can be shown in the way similar to the previous case with ipp{x,T) = 0(| x \p). 
The eigenstates without 0-functions are as follows: 

M^, - ( ^) ( - t) ' ^^-^^^ 

where k'^ = -k^k° + k'k\ and kx = -k°x° + k^x\ Note that (m^c^ + k'^)T = H^t (see 
(3.7) and (3.11)). 



4. Free Relativistic Particle in Adelic Quantum Mechanics 

According to Ref. 6, the main ingredients of adelic quantum mechanics are: [i) the 
Hilbert space L2{A) of complex- valued functions on the space of adeles A, (ii) a unitary 
representation W{z) of the Heisenberg-Weyl group on L2(A), and {in) a unitary repre- 
sentation of the evolution operator U{t) on L2(A). In a sense, ingredients of quantum 
mechanics on adeles are some products of the corresponding objects from ordinary and 
p-adic quantum mechanics. 

So, the evolution operator is defined by 

U{t)^P{x) = [ K{x, t; y, Q)^{y)dy , (4.1) 
where t E A, x,y E A, ip e L2{A), and 

U (t)^{x) = Uoo{too)i^oo{xoo) n Up{tp)Mxp) ■ (4-2) 

p 

The spectral problem is given by 

U{t)i;^'^\x) = x{c(t)i^^'^\x), a e A , (4.3) 
where xi^^t) = Xoo(Q!oo^oo) YlpXpi^^ptp) is the additive character on A. 



6 



Convergence of products and adelic consistency imply some conditions on p-adic con- 
stituents of an adelic object. For instance, any eigenfunction in (4.3) has the form 

pes p^s 

where S* is a finite set of primes p. t/jooixoo) £ -^2(K) and '^p{xp), Q.{\ Xp \p) e L2(Qp) are 
eigenfunctions of ordinary and p-adic counterparts, respectively. 
Adelic kernel of U (t) for relativistic free particle is 

2/00, 0) Yl Kp{xp, Tp- Vp, 0) , (4.5) 



where Kp{xp,Tp;yp,0) is given by (3.16), and (2:^00, ^oo; 2/oo, 0) is the real counterpart, 
which has the same form as Kp{xp, Tp-, i/p, 0). The corresponding arithmetic function Aqo (ci) 
is defined by Aoo(a) = {I — isgna) / ^/2 and satisfies the same basic properties as Xp{a) (see 
(2.3)). 

In order to complete the adelic spectral theory for a free relativistic particle let us 
now turn to the corresponding problem in ordinary quantum mechanics in the form 

/ Koo{x,T2;y,Ti)'iljoo{y,Ti)dy ^ Xoo{aT2)'il^oo{x) , (4.6) 
JR 

where Xoo(o) = exp(27ria), tl^ooix.T) = Xoo{(y-T)%l:oo{x) and 

" |2fe(T2-ri)|i.^~l 4/i(T2-Ti)^ h )■ ^ ' 

(For simplicity, we omitted index 00 for arguments in (4.7)). Using the Gauss integral 

j^Xoo{(y-x'^ + l3x)dx = Xoo{(y)\'2.a\'^/'^ Xoc,(^- a 7^ , (4.8) 

we find the solution of (4.6) in the form 

, / fm'^c'^ + k^\ f kx\ , 
^oo{x,T) = Xoo{ ^FA't) ' ^ ^ ^ 

where k'^ = k^k^ , kx = k^x^ . 

From the above investigation it follows adelic eigenfunction for a free relativistic par- 
ticle: 

^{x, T) ^ Xoo f ""'"'.^ Too - n^p(^P'^p)n"(I^P W ' (4.10) 

^ ^ ^ pes p^s 
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where i(^p{xp, T) are given by (3.24) and (3.25). Note that a; e in (4.10), i.e. 



X = 



X 



. X 



X, 



™3 



\ 



J 



— (•^OO) •^2i ' ' ' 1 ^pi ■ ■ ■) ' 



(4.11) 



and k e A^, T e A. Any adehc wave function may be obtained as superposition of 
eigenfunctions (4.10) by summation over S and integration over four-momentum k. 



5. Concluding Remarks 

We shown that a free relativistic particle may be regarded as a subject not only 
of ordinary but also of p-adic and adelic quantum mechanics. It is an exactly soluble 
theoretical model. In particular, we found p-adic and adelic eigenfunctions. 

In order to interpret adelic wave function for a free particle let us consider its norm, 

i.e. 

i^(x,T)i^ = n \^p{^p.Tp)\i, n ^(1 \p) ' (5-1) 

pes P0S 

where we used IV'oo (2:^00, 21»)Ito — 1 ^^(kplp) = ^(kp|p)- As follows, (5.1) does not 
depend on real counterpart. 

Comparison between theoretical predictions and experimental numerical data may be 
done only on rational numbers. Hence, consider (5.1) in points = X2 = ■ ■ ■ = Xp = 
• • • = a; e Q. Since 

p€S ^ p^S ^ 

it means that \i(j{x,T)\'^ may be different from zero only in a finite number of rational 
points which are not integers. Extending standard interpretation of ordinary wave function 
to the adelic one, it follows that the probability of finding the particle in integer points is 
dominant. 

There is a special (vacuum) state (S = 0) when all p-adic states are n(|a;p|p) and 
then particle can exist only in integer points of space and time. In ordinary quantum 
mechanics we label coordinates of space and time by real numbers which make continuum. 
However, using adeles to label space and time we obtain their discreteness in a natural 
way. Conditions |m^c^T//i|p < 1 and \hT\p < \2\p, which follow from (3.22) and (3.23), 
can be realized choosing /i = c = m = lasa system of units. If m is the Planck mass then 
spacetime contains the Planck length as the elementary one. Since \T\p = \Nt\p < \2\p 
and is an arbitrary parameter, one can take N = 2 and obtain |r|p < 1 for every p. 
Thus, the invariant intervals r as well as spacetime coordinates x^ are discrete. Let us 
notice that there exist discrete subgroups of the Poincare group that transform discrete 
spacetime (lattice) into itself (see, e.g. Ref. 16). It is reasonable to expect that spacetime 
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discreteness is more manifest in quantum gravity models and we have such situation in 
adehc approach to quantum cosmology^' 

Note that the above obtained results can be easily generalized to any number of 
spacetime dimensions. 
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